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Abstract
We present a mixed-lattice atomistic kinetic Monte-Carlo algorithm (MLKMC) that integrates
a rigid-lattice AKMC approach with the kinetic activation-relaxation technique (k-ART), an
off-lattice/self-learning AKMC. This approach opens the door to study large and complex
systems adapting the cost of identification and evaluation of transition states to the local
environment. To demonstrate its capacity, MLKMC is applied to the problem of the formation
of a C Cottrell atmosphere decorating a screw dislocation in α-Fe. For this system, transitions
that occur near the dislocation core are searched by k-ART, while transitions occurring far
from the dislocation are computed before the simulation starts using the rigid-lattice AKMC.
This combination of the precision of k-ART and the speed of the rigid-lattice makes it possible
to follow the onset of the C Cottrell atmosphere and to identify interesting mechanisms
associated with its formation.
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1. Introduction

Understanding the mechanisms that control defect and impu-
rity diffusion in metals is crucial to characterize and predict the
evolution of their mechanical properties. Yet, these processes
occur on multiple length and time scales, from the angström to
the metre, from the nanosecond to the year, raising significant
challenges for both experimentalists and modellers. Consider,
for example, the ageing process in steels, a major technological
issue. The main mechanism at the origin of static strain ageing
is the formation of Cottrell atmospheres (Cottrell and Bilby
1949): over time, carbon atoms, initially forming a solid solu-
tion in steels, segregate towards dislocations that act as sinks
for solutes to form Cottrell atmospheres. This higher concen-
tration of C hinders the motion of dislocations, which leads
to the experimentally-observed hardening of the material (De
et al 2000).

With the help of recently developed experimental and
numerical tools, the study of Cottrell atmospheres was rekin-
dled in the last two decades. Experimentally, it is now pos-
sible to observe directly an atmosphere with the atom probe
field ion microscopy technique (Blavette 1999), (Smith et al
2013), (Wilde et al 2000), (Miller 2006). Cottrell atmospheres
can also be modelled at the atomic scale with a metropolis
Monte-Carlo approach (Veiga et al 2015), (Waseda et al 2017).
However, observing the kinetics of the formation of a Cot-
trell atmosphere remains a challenge both experimentally and
numerically, as saturation of the dislocation may take many
months (Massardier et al 2004).

Computationally, the standard method for studying atom-
istic kinetics is molecular dynamics (MD). However, with a 1
to 5 fs timestep, MD is generally restricted to simulation times
of the order of the μs at most. To circumvent that limitation,
modelers have turned to kinetic Monte-Carlo (KMC) methods,
based on an algorithm that focuses on activated mechanisms
and can reach times up to seconds and even months depend-
ing on the selected system. Standard KMC methods are built
on diffusion event catalogues that must be constructed ahead of
the simulation, with atoms moving on rigid crystalline lattices.
This approximation fails for distorted systems, such as in the
vicinity of a dislocation, with high concentrations of defects
and disordered regions.

The kinetic activation-relaxation technique (k-ART), an
off-lattice KMC algorithm with on-the-fly catalogue build-
ing capabilities (El-Mellouhi et al 2008), (Béland et al 2011),
lifts these limitations. K-ART is based on the open-ended
event searching method ART nouveau, a very efficient method
for exploring the local energy landscape (Mousseau and
Barkema 1998), (Barkema and Mousseau 1996), (Malek and
Mousseau 2000) and NAUTY (McKay 1981), a topological-
analysis library for event classification. K-ART can correctly
predict the kinetics of distorted systems such as C diffusion
close to dislocation loops (Candela et al 2018), vacancy and
C interaction in bulk Fe (Restrepo et al 2016) and long-time
relaxation after ion-bombardment (Béland et al 2013). Treat-
ment of distorted or disordered environment is costly, however,
every step requires thousands of force evaluations, reducing k-

ART’s efficiency for systems with a large number of mobile
defects.

Since standard KMC is unable to correctly represent the
formation of Cottrell atmospheres near a dislocation core and
k-ART cannot deal with large number of mobile defects, we
propose here to combine these two approaches, building on
their respective strengths. As we demonstrate below, coupling
the standard rigid-lattice approximation KMC with k-ART
in a mixed-lattice KMC (MLKMC) opens the door to study
complex systems with both precision and efficiency.

This is accomplished by spatially dividing the system in
two zones, a rigid-lattice and an off-lattice zones, each with its
own kinetics. Near the dislocation where the energy landscape
is unknown, k-ART is used to search the possible transitions
and compute the C migration energy barriers (k-ART zone).
Far from the dislocation core, where C diffusion is well under-
stood and can be described accurately using the rigid-lattice
approximation, transitions are drawn from a standard KMC
catalogue and migration energies are estimated with a model
that accounts for carbon–carbon interactions and anisotropic
elastic deformations of the lattice. After a detailed descrip-
tion of this non-trivial coupling, which deals mostly with the
interface between these two regions, we show how MLKMC
can provide unique insights into the fundamental steps in the
formation of Cottrell atmospheres.

2. The mixed-lattice kinetic Monte-Carlo (MLKMC)

Figure 1 illustrates how MLKMC combines the speed of rigid-
lattice KMC with the precision of k-ART to describe the kinet-
ics of atoms in inhomogeneous systems: in regions where the
rigid-lattice approximation no longer holds, such as near a
dislocation core, k-ART is used to identify the possible tran-
sitions and relax them according to local deformations; on the
other hand, where the rigid-lattice and k-ART predict the same
results, such as in low-defect concentration crystalline regions,
away from the dislocation, the rigid-lattice KMC approxi-
mation is used for its speed as, depending on the system,
rigid-lattice KMC can be 105 to 109 faster than k-ART.

We discuss the technical aspects of the MLKMC in this
section. Firstly, we describe the rigid-lattice KMC and k-
ART in some details and in the context of C diffusion in
Fe; for a detailed k-ART description, see for instance (El-
Mellouhi et al 2008), (Béland et al 2011). We then present
the MLKMC, with a focus on how best to determine the k-
ART zone size and conclude the algorithmic presentation by
describing the implementation of the interface between the dif-
ferent lattices. An example of an MLKMC step and the valida-
tion of the method is provided in the supplementary material
(https://stacks.iop.org/JPCM/33/065704/mmedia) for a better
understanding.

2.1. Search for transitions and computation of C migration
energies

2.1.1. Transitions in the rigid-lattice zone. The rigid-lattice
approximation is the standard approach for atomistic KMC
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Figure 1. Representation of the k-ART zone (yellow) and the
rigid-lattice zone (blue) composing a simulation box. The system
consists of C atoms (large circles) immersed in a bulk bcc Fe crystal
(small circles) containing a screw dislocation (circular arrow in the
middle of the simulation box). Transitions are searched with k-ART
for the C atoms in the k-ART zone, and with the rigid-lattice
approximation for the C atoms in the rigid-lattice zone.

(AKMC) simulations. By placing atoms on a grid and restrain-
ing the possible jumps to the nodes of this grid, the transitions
can be computed before the simulation starts and catalogued as
a function of the occupation. The migration energies for these
transitions are estimated here using a simple model which
guarantees the speed of the method while taking into account
carbon–carbon interactions and deformations of the lattice
induced by the dislocation.

In the model developed for the rigid-lattice zone, only
moves associated with the migration of C atoms are included
in the catalogue: C jumps from an octahedral site (O site) to
an adjacent O site through a tetrahedral site (T site), which
corresponds to the saddle point. The migration energy for this
transition is computed according to:

EmigC = E0
migC +

ΔEC−C

2
+ΔEdistortion, (1)

where E0
migC represents the C migration energy for a C atom

in a perfect bcc lattice, ΔEC−C
2 the C–C interactions and

ΔEdistortion, the impact of the distortion of the system on the
C migration energies.

Going more into details, E0
migC is predicted to be 0.814 eV

with the potential used here. This potential, which uses the
embedded atom method (EAM), was developed by Becquart
et al (Becquart et al 2007) and later slightly modified by Veiga
and colleagues (Veiga et al 2014).

ΔEC−C
2 , the corrective term associated to the C–C repulsion,

is computed using a final-initial state energy model (Vincent
et al 2008) also called a kinetically resolved activation (Van
der Ven et al 2001) model. This model, based on the Kang and
Weinberg decomposition of the migration energy (Kang and
Weinberg 1989), is especially suitable to study the migration
of point defects. As such, the corrective term can be written:

ΔEC−C = Efinal − Einitial (2)

Figure 2. Energy of a C–C pair (EC–C) versus the distance between
the C atoms. At the distance d = a0 = 2.855 32 Å, the energy of the
configuration equals 0.9 eV when a Fe atom is found between the C
atoms, and 0.1 eV otherwise. Note that C atoms at a distance of
2.85 Å have two possible energies, depending on whether a Fe atom
is present or not between the two C atoms.

where Efinal is the energy of the configuration after the C jump
and Einitial is the energy of the initial state. These energies are
computed for several C–C distances according to equation (3):

EC−C = Esupercell with 2C interacting

− Esupercell with 2C not interacting (3)

where EC–C can represent either Efinal or Einitial of equation (2).
With this definition, a positive value indicates a repulsive
configuration. The results are presented in figure 2.

It is important to observe on figure 2 that EC–C has two pos-
sible values for a C–C distance of a0 = 2.855 32 Å depending
on whether the two C atoms share a Fe atom first nearest neigh-
bour or not. A C atom in an O site distorts the Fe matrix mostly
in one direction given by the C atom and its two nearest Fe
neighbours. Having a configuration where 2 C atoms are sep-
arated by 2.85 Å with a Fe first nearest neighbour in-between
results in the distortion induced by the two C atoms concen-
trated in one line (the ‖ �Fe1C‖ line in figure S1. From the sup-
plementary materials); when the two C atoms do not share a
Fe first nearest neighbour, the distortion is more spread. For a
better visualization of this issue, see for instance (Domain et al
2004—section 4 1 (figure 5)).

ΔEdistortion is introduced to account for the elastic deforma-
tion of the system (caused for example by dislocations) on the
C migration energies; it is well known that the distortion of the
system has a large influence on the migration energies of mov-
ing species (Veiga et al 2010), (Tchitchekova et al 2014), (Liu
et al 2011), (Li et al 2011). The impact of a dislocation on C
migration energies is computed with the method proposed by
Veiga et al (Veiga et al 2011):

ΔEdistortion = Ebinding
CO−dislocation − Ebinding

CT−dislocation, (4)

where Ebinding
CO−dislocation represents the binding energy between the

dislocation and a C atom in an O site and Ebinding
CT−dislocation, the

binding energy between the dislocation and a C atom in a

3



J. Phys.: Condens. Matter 33 (2021) 065704 R Candela et al

Figure 3. Overview of the MLKMC algorithm showing the different calls of k-ART and the rigid-lattice algorithm.

Figure 4. Difference in the C migration energies predicted by
k-ART and by the rigid-lattice model (noted δEmig) for different
configurations containing 1 C atom and a screw dislocation. The
migration energies are presented for different C-dislocation
distances. The minimal C-dislocation distance is shown at 6 Å
because for shorter C-dislocation distances, jumps of C atoms do not
simply reduce to the usual 4 jumps, which imposes to use k-ART.

T site. These energies are computed within the anisotropic
elasticity theory using the Babel code (Clouet 2007).

2.1.2. Off-lattice transitions. The k-ART is an off-lattice/self-
learning AKMC developed by one of us and collaborators (El-
Mellouhi et al 2008), (Béland et al 2011). K-ART is based
on the open-ended transition searching method activation
relaxation technique nouveau (ART nouveau) (Barkema and
Mousseau 1996), (Malek and Mousseau 2000), coupled with
a topological classification for catalogue building (McKay
1981) and the standard KMC algorithm for bringing the time
forward.

Contrary to string methods such as the NEB, ART nouveau
requires the knowledge of only one local energy minimum and
can identify the minimum energy paths connecting a configu-
ration to its adjacent minima. ART proceeds in three steps to
find a transition state. Firstly, ART applies a localised deforma-
tion on a local energy minimum to bring the system outside of
the harmonic basin surrounding this minimum; then the sys-
tem is moved along the eigendirection corresponding to the
negative eigenvalue of the Hessian matrix until it converges
onto an adjacent energy saddle point (activation step). Finally,

Figure 5. Difference in the C migration energies predicted by
k-ART and by the rigid-lattice model (noted δEmig) for different
configurations containing 1 C atom and a screw dislocation, with
Ebinding

CT−dislocation computed with an atomistic model. The migration
energies are presented for different C-dislocation distances.

the system is relaxed into another energy minimum (relaxation
step).

Using NAUTY, a topological analysis package (McKay
1981), k-ART classifies the local environment around each
atom by assigning a key describing the local graph formed
by links drawn between nearby atoms, typically at the first-
neighbour distance. All atoms with the same topology are
supposed to have the same event list this can be verified and
corrected when it is not the case, as explained in (Béland
et al 2011). For each topology, k-ART launches a larger num-
ber of ART nouveau searches (typically between 30 and 60)
and generated events are stored in the catalogue. At each step,
k-ART updates the list of active topologies, launching event
searches, if needed, to complete the catalogue. A first tree of
generic events is drawn, with an activation rate computed for
each event using its activation energy and a constant prefac-
tor; all events that have a KMC probability of 0.0001 or more
to be selected are fully reconstructed and the saddle point is
reconverged to ensure that the exact energy barrier is obtained
(forming the specific events). Total rate for this final set of
events (specific plus unrelaxed generic) is computed and the
clock is incremented using an exponential distribution, with an
event selected at random with a probability determined by its
activation rate. As described elsewhere, k-ART includes a
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Figure 6. 5 steps (a–e) of an MLKMC simulation. On this simulation, the blue (green) circles represent Fe atoms in the rigid-lattice
(k-ART) zone, the dark circles represent the screw dislocation (in the centre of the k-ART zone), and large red circles, C atoms. The circle
around the C atom situated in the k-ART zone represents the topology cut-off of the C atom, larger than the cut-off of the potential (usually
around 6 Å). The C atom in the bulk does 4 successive steps until it arrives within the topology cut-off of the C atom of the k-ART zone.

number of features to handle flickers, alloys, etc and it has been
applied to a wide range of complex materials from self-defects
in semiconductors and metals to impurities, grain boundaries
and disordered and amorphous materials (Mousseau et al
2015), (Brommer et al 2014), (Restrepo et al 2018).

2.2. Overview of the MLKMC

The MLKMC algorithm integrates the two different KMC
approximations described above in the same KMC event tree.
An overview of the algorithm is presented in figure 3. We start
by presenting how the simulation is setup and then discuss
the details of the coupling between the rigid-lattice and the
off-lattice region, the central contribution of MLKMC.

2.2.1. Determine the size of the k-ART zone. Determining the
size of the off-lattice zone is a crucial point for an MLKMC
simulation. Finding transitions and computing their migration
energies in the k-ART zone is at least 105 times slower than
doing it in the rigid-lattice zone, so the off-lattice region should
be as limited as possible. The definition of the off-lattice
region is largely controlled by the quality of the rigid-lattice
approximation.

To determine the size of the off-lattice zone, we perform a
preliminary characterization focussing on the diffusion mech-
anisms of interest. Here, for example, we evaluate the C dif-
fusion barrier for several sites as a function of distance to the
screw dislocation. The differences between the barriers pre-
dicted by k-ART and by the rigid-lattice model (noted δEmig)
for these configurations are presented in figure 4. In a perfect
bcc Fe matrix, a C atom can perform 4 different jumps from its
O site to neighbouring O sites with the T site being the saddle
point. In figure 4, the smallest C-dislocation distance shown
is at 6 Å because smaller distances lead to more complex C
diffusion mechanisms than the four usual O–T–O jumps, thus
requiring the use of k-ART.

As seen in figure 4, for C-dislocation distances lower than
12 Å, the migration energies predicted by k-ART can dif-
fer from the ones predicted by our rigid-lattice model by at
least 50 meV, as previously shown by Veiga and colleagues
(Veiga et al 2011). With this level of precision, the k-ART zone

should be, at the minimum, a rectangular parallelepiped with a
square base centred on the dislocation and a 12 Å × 2 = 24 Å
length. The k-ART zone is not chosen to be a circle or a
hexagon for a better control of the interface, and especially to
avoid interface issues such as an atom virtually in the k-ART
zone and the rigid-lattice zone simultaneously.

It is possible to further reduce the off-lattice region by
including continuous elasticity corrections to the rigid-lattice
approximation. Veiga et al showed that the anisotropic elas-
ticity fails to match atomistic results for the prediction of C
migration energies for C-screw dislocation distances lower
than 12 Å due to the anisotropic elasticity inability to pre-
dict accurate C-dislocation binding energies for a C atom at
the saddle point between two O sites (Veiga et al 2011). To
extend the validity of the rigid-lattice, these binding ener-
gies Ebinding

CT−dislocation (equation (4)) are computed with the EAM
potential used here instead of the anisotropic elasticity for C-
dislocation distances comprised between 6 and 12 Å. This cor-
rection reduces the discrepancies in the C migration energies
predicted by k-ART and by the rigid-lattice model observed in
figure 4, leading to the match of k-ART and rigid-lattice model
predictions observed in figure 5.

With improved barrier predictions for the rigid-lattice
model, a rectangular parallelepiped with a square base cen-
tred on the dislocation whose length is 6 Å × 2 = 12 Å is now
sufficient to enclose the k-ART region.

2.2.2. Interface between the rigid-lattice and the off-lattice
zones. The kinetics internal to both the rigid-lattice and
the off-lattice regions is correctly handled by the algorithms
described above. The continuity between the k-ART and the
lattice-based KMC parts must still be addressed, however.
Continuity requires: (1) that detailed balance is respected as
atoms move from one zone the other and (2) that the pres-
ence of atoms on one side of the interface correctly affects the
kinetics on the other side.

Detailed balance
Detailed balance, also called microscopic reversibility, is

a condition often imposed on studied systems to ensure their
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Figure 7. Example of a configuration studied by MLKMC
containing 25 C atoms and a screw dislocation in the centre of the
box. The large red (yellow) circles identify C atoms in the
rigid-lattice (k-ART) zone, small green (blue) circles, Fe atoms in
the rigid-lattice (k-ART) zone. The screw dislocation is represented
by the three circles in black at the centre of the box. The small black
square at the centre of the box represents the limits of the k-ART
zone.

dynamical evolution reaches a steady-state equilibrium dis-
tribution. In practice, it means that the KMC algorithm must
satisfy equation (5):

πiTri j = π jTr ji (5)

where πi is the equilibrium probability distribution of state i
and Tri j the transition rate from state i to state j.

For the MLKMC to respect this condition, detailed bal-
ance must be respected in the off-lattice zone, the rigid-lattice
zone and at the interface between the two. In k-ART, detailed
balance is guaranteed by ensuring that the initial-saddle-final
configuration triplet forming the events are fully connected and
by placing both forward and reverse events in the catalogue. In
lattice-based KMC, detailed balance is also imposed by con-
struction: as events are described as C jumps from an O site to
an adjacent O site, when a possible event is found, its inverse
event is also found at the same time and added in the list of pos-
sible events; the elastic corrections presented in the previous
subsection do preserve the detailed balance.

To ensure detailed balance between the zones, atoms on one
side of the interface correctly influence those on the other side
of the interface. Formally, this is can be achieved by updat-
ing the positions of C atoms after each jump. However, for
MLKMC, taking into account in k-ART the position of C
atoms far from the dislocation after each move in the lattice-
based region would require in a global energy minimization at
each step, thus losing the advantage of the lattice-based KMC.
As we have shown above, however, C movements in the bulk,
far from the dislocation, have negligible impact on the migra-
tion energies of C atoms in the k-ART zone. Therefore, the
position of C atoms in bulk region are provided to k-ART only
after a k-ART jump or when a C atom moves near enough to
the k-ART zone to modify the topological graph defined the
local environment of C atoms in the on-lattice region. While
this distance is system-depended, here it means that a full sys-
tem relaxation is performed after every k-ART move or when-
ever a C atom moves in the rigid-lattice zone within 6 Å of

Figure 8. Representation of the three zones for the characterization
of the Cottrell atmosphere formation: k-ART zone (red square),
second ring (blue circle) and the third ring (green, rest of the box).

a C atom in the k-ART zone, as illustrated in figure 6. Note
that like in figure 6, the figures presenting configurations are
2-dimensional cuts of a 3-dimensional configuration with the
dislocation line perpendicular to the figure.

3. Results: MLKMC study of the 25 C-screw
dislocation system

Ten simulations containing each 25 C atoms randomly placed
(except one placed in the k-ART zone close to the dislocation)
in a 36 000 α-Fe matrix (150 ppm in C) with a screw disloca-
tion (�b = a0

2 <111>, with�b the Burgers vector representing the
deformation induced by the dislocation) are launched using the
MLKMC at 300 K. Periodic boundary conditions are applied
only in the dislocation line direction, free surfaces are applied
on the other directions (C atoms are forbid to cross the free sur-
faces as events in the rigid-lattice catalogue are found between
close O sites only). The basin mean rate method (Béland et al
2011), a method to treat small neighbouring barriers as a small
basin getting rid of flickers, is activated with an energy bar-
rier of 0.4 eV for an event to be considered within a basin. 60
event searches per topology are performed in the k-ART zone.
All events centred on Fe atoms are rejected. The orientation of
the system is ([121][−101][1–11]). The simulation box size
is set to (104.9 × 100.9 × 39.6) Å3, and the k-ART zone size,
to (12.5 × 12.5 × 39.6) Å3. An example of a configuration is
shown in figure 7.

To characterize the formation of a Cottrell atmosphere, the
simulation box is divided in three fictious parts: the k-ART
zone, the second ring (a cylinder centred on the dislocation
with a radius of 25 Å, minus the k-ART zone), and the third
ring (corresponding to the rest of the box). These zones are
represented in figure 8. The average evolution in time of the
number of C atoms in these different zones is plotted to observe
the influence of the screw dislocation on the C distribution in
figure 9.
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Figure 9. Average number of C atom per zone versus time for the MLKMC simulations containing 25 C atoms at 300 K with a screw
dislocation in a 36 000 Fe matrix. The three zones defined are: the k-ART zone (red), the second ring (blue) and the third ring (green). The
straight lines represent the concentration of C atoms per zone if the C atoms were in solid solution. The arrows represent the average C
displacement between the beginning and the end of the simulations: the k-ART zone has been enriched with 2.5 C atoms on average, while
the 2nd and 3rd rings have been depleted of respectively 1.6 and 0.9 C atoms on average.

Figure 10. Initial (a) and final (b) configurations of an MLKMC simulation containing a screw dislocation and 25 C atoms at 300 K. The
blue circles represent the C atoms in the k-ART zone, the red circles are the C in the rigid-lattice zone and the dark circles represent the
screw dislocation. Arrows in (a) indicate the C displacement between the initial and the final configurations. Computational details: each
simulation requires a CPU time of 13 days per core (16 cores) for a simulated time of 0.43 h and 22 000 steps (not counting the steps
operated though the flicker-handling algorithm).

Figure 11. Smallest C–C distance observed for MLKMC
simulations at 300 K containing a screw dislocation and 25 C atoms
versus the number of steps of the simulation. A step corresponds
approximatively to 70 ms, for a total simulated time is 1550 s.

Figure 9 shows that C atoms in the second ring tend to arrive
relatively quickly to the dislocation line: in less than 1600 s,
2.5 C atoms on average arrived from the second ring to the
dislocation line, while the second and the third ring have been

depleted of respectively 1.6 and 0.9 C atoms on average. This
diffusion raises the C concentration in the k-ART zone sur-
rounding the dislocation to a higher value than the average
solid solution concentration (150 ppm) as the other zones are
depleted in C atoms.

This concentration continues to increase with time, as
shown by the ever-increasing red line, demonstrating the onset
of a Cottrell atmosphere surrounding the dislocation. This is
clearly seen when comparing initial and final configurations of
the simulation (figure 10): in less than 1600 s (simulated time)
at 300 K, several C atoms arrived from the bulk to the vicin-
ity of the dislocation. While it can take up to a few months
for a Cottrell atmosphere to be saturated at 300 K (Massardier
et al 2004), MLKMC simulations predict that the first steps
in the formation of a Cottrell atmosphere can be observed in
less than an hour. This fast aggregation of C atoms close to
the dislocation could lead to an increase in the Peierls stress
occurring at the early stages of the formation of the Cottrell
atmosphere.
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Figure 12. Mechanism showing the arrival of a C atom close to the dislocation line while being hindered by the presence of a C atom. On
configuration a, the circled atoms are the atoms interacting together. The red circled atom is attracted by the dislocation line but its motion is
hindered by the presence of the blue circled atom. All the other configurations show the path found by the red circled atom to finally reach
the vicinity of the dislocation. The C–C distances for all the configurations are respectively 7.4 Å (a), 4.7 Å (b), 4.7 Å (c), 6.2 Å (d), 4.7 Å
(e), 7.3 Å (f), 5.6 Å (g), 6.3 Å (h), 3.9 Å (i) and 6.2 Å (j). The blue atoms are the C atoms in the k-ART zone, the red atoms are the C atoms
in the rigid-lattice zone, the dark atoms represent the screw dislocation and the arrows represent the C displacement. The CPU time required
for the whole mechanism presented is 1.8 days for a simulated time of 153 s.

Figure 13. Average number of C atom per zone versus time for the MLKMC simulations containing 25 C atoms at 600 K with a screw
dislocation in a 36 000 Fe matrix. The three zones defined are: the k-ART zone (red), the second ring (blue) and the third ring (green). The
straight lines represent the concentration of C atom per zone if the C atoms formed a solid solution. The arrows represent the average C
displacement between the beginning and the end of the simulations: the k-ART zone and the 2nd ring have been enriched with respectively 1
and 0.5 C atoms on average, while the 3rd ring has been depleted of 1.5 C atoms on average.

In several simulations, 2 C atoms are found to move closely
to each other, despite the C–C repulsion. This appears clearly
in figure 11 which shows the minimum C–C distance for all
the simulations: the smallest C–C distance is observed to be
below 5 Å (where 2 C atoms should start repelling each other,
according to the EAM potential used, see figure 2) for several
simulations. This set of configurations indicates that the sink
strength of the dislocation, that tends to attract C atoms, domi-
nates C diffusion over the C–C repulsion, which is a necessary
condition for a Cottrell atmosphere to form.

The MLKMC simulation also provides interesting informa-
tion about the mechanisms governing the formation of Cottrell
atmospheres. For instance, C atoms in stable configurations
close to the dislocation line can repel other C atoms that arrive
at the dislocation vicinity. This mechanism is presented in
figure 12 where a C atom close to the dislocation line [circled
in configuration (a), blue circle] repels another C atom [cir-
cled in configuration (a), atom in red]. The repelled C atom
finds a way to the dislocation vicinity (bumping a few times

into the C atom in a stable position), and then forces the other
C atom to leave its stable position to join the final configu-
ration (configuration j). This demonstrates that even if C–C
repulsion is not as strong as the dislocation-induced attraction
in this region (e.g. figure 12(i), the two C atoms presented are
at 3.9 Å thus repelling each other), it plays a major role in the
C reorganization for C atoms close to the dislocation line.

Five simulations are also launched at 600 K to study the
effect of the temperature on the C migration. The evolution
of the average number of C atom per zone is displayed in
figure 13.

The major effect of a temperature raise on C diffusion is
the significant drop in the simulation times: at 600 K, it only
requires 50 μs for a second C atom to reach the dislocation
vicinity (from 1 to 2 on average). However, because the sink
strength of a dislocation diminishes with increasing tempera-
ture (Rauh and Simon 1978), (Rouchette et al 2014), the for-
mation of a Cottrell atmosphere is not as uniform as at 300 K.
Nonetheless, a comparison of the initial and final configura-
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Figure 14. Initial (a) and final (b) configurations of an MLKMC simulation containing a screw dislocation and 25 C atoms at 600 K. The
blue circles represent the C atoms in the k-ART zone, the red circles, those in the rigid-lattice zone and the dark circles, the screw
dislocation. Computational details: each simulation requires a CPU time of 7.7 days per core (16 cores) for a simulated time of 5 × 10−5 s,
7000 steps simulation.

tions (figure 14) for one simulation, shows a clear aggregation
of C atoms near the dislocation and the beginning of a Cottrell
atmosphere. While the increased C mobility limits the sim-
ulated time that can be reached using MLKMC, simulation
results confirm that a Cottrell atmosphere should be formed
faster at 600 K than at 300 K, even with a thermally-reduced
dislocation sink strength. The reduction of the dislocation sink
strength is observable by comparing the C displacement per
zone in figures 9 and 13: at 300 K, the C enrichment in the k-
ART zone is mainly linked to C atoms going from the second
ring to the k-ART zone; at 600 K, the clear drop of C concen-
tration in the third ring indicates that C atoms arrive close to
the dislocation with a lower driven force than at 300 K.

4. Conclusions

The MLKMC, which integrates a lattice-based KMC with k-
ART, couples the advantages of both methods to facilitate the
study of larger systems with many defects where disorder and
large elastic deformation are well localised. The strength of
this approach was demonstrated with the study of the onset of
a C Cottrell atmosphere around a screw dislocation in bcc Fe.
These simulations showed that the attraction of the dislocation
is significant: from a homogeneous distribution, C atoms start
aggregating around the dislocation in less than 1600 s at 300 K
and less than 0.1 ms at 600 K. Moreover, while C atoms in sta-
ble positions close to the screw dislocation can provide repul-
sive points for other C atoms attracted by the dislocation, the
C–C repulsion can be overcome by the strong deformation
fields induced by disorder near the dislocation.

The MLKMC allows to speed up significantly the compu-
tational time compared to k-ART simulations for the whole
system. Despite the fact that the computational cost of k-ART
remains a bottleneck, this MLKMC method would be quite
efficient to study kinetic phenomena driven by complex mech-
anisms, such as the diffusion of several interacting interstitials
or solute atoms in environments distorted by extended defects
(dislocations or grain boundaries), or complex activated mech-
anisms responsible for the motion of point defect clusters, in
particular interstitial clusters with complex structures observed
in Fe (Becquart et al 2018) and expected in other metals (Vérité

et al 2013). Efforts are currently undertaken to address these
open problems.

Code availability

The MLKMC package, including the AKMC and k-ART parts,
is available freely upon request to the authors.

Acknowledgments

This work is part of the EM2VM joint laboratory. It was
supported within the European project PERFORM60 and
SOTERIA (661913). This work was partly supported by the
MAI-SN (Material Ageing Institute—Scientific Network). It
contributes to the Joint Programme on Nuclear Materials
(JPNM) of the European Energy Research Alliance (EERA).
The authors gratefully acknowledge the computational facil-
ities ‘Calcul Scientifique Intensif de l’Université de Lille’ as
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