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Surface diffusion coefficients by thermodynamic integration: Cu on Ci100
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The rate of diffusion of a Cu adatom on the(C00 surface is calculated using thermodynamic integration
within the transition state theory. The results are found to be in excellent agreement with the essentially exact
values from molecular-dynamics simulations. The activation enargyrelated entropy are shown to be
effectively independent of temperature, thus establishing the validity of the Arrhenius law over a wide range of
temperatures. Our study demonstrates the equivalence of diffusion rates calculated using thermodynamic
integration within the transition state theory and direct molecular-dynamics simulations.
[S0163-182608)00340-3

Precise knowledge of diffusion processes is essential tar dynamics(MD). One advantage of this method is tfzat
understanding nonequilibrium phenomena such as nucleatiquriori knowledge of the diffusion mechanism is not required.
and growtht On surfaces, for instance, the rates at whichSuch calculations are, however, too demandingatwiinitio
particles diffuse determine the equilibrium shape of islandsnethods. Also, the simulations have to be carried out at rela-
and, on macroscopic time scales, the morphology of filmstively high temperatures where diffusion is “active” on MD
Yet, very little is known of the fundamentals of diffusion. time scales; at high temperature, however, diffusion often
Diffusion constants, for one, are notably difficult to measureproceeds by the combination of several mechanisms, making
and accurate data are available only for the simplest mechat- difficult to extract individual contributions. Finally, be-
nisms on a small number of simple surfaé&ecause diffu- cause of possible anharmonic contributions, the calculated
sion is an activatedArrheniug process(at low enough Arrhenius law may not extrapolate to low temperatures.
temperaturey, small errors in the energy barriers translate  Another option consists of computing directly the activa-
into large uncertainties in the diffusion coefficients, and thudion barrier and the prefactor using the transition-state theory
surface structure. In addition, in order to determine the pre¢TST) and various approximatiorisl* Here, however, the
exponential factor, several measurements are needed inreaction path must be known; while this might be a limita-
range of temperatures over which the Arrhenius behavior ision for bulk diffusion, it is usually not a serious problem for
expected to hold, which is not always feasible: in practicesurfaces where diffusion is relatively well characterized. In
the value of the prefactor is often prescribed. This is a danthe context of TST, and given a model for the interatomic
gerous state of affairs since diffusion obeys the Meyerpotentials, free-energy calculations, in particular, thermody-
Neldel compensation ldw—for a family of related pro- namic integration(Tl), offer the most accurate route to the
cesses, the prefactor increases exponentially with thetudy of diffusion processes. In this approach, the diffusion
activation barrief. path is followed step by step, and the free energy calculated

On the theory side, the situation is just as difficult. It is using finite-temperature MD. The procedure works best at
necessary, in order to describe diffusion accurately, to havelaw temperature; at high temperature, indeed, diffusion
proper model for the interatomic potentials. Semiempiricalevents are more frequent and the atoms must be constrained
models, such as the embedded-atom metlE&M),® while  to their equilibrium positiongsee below In this case, it
simple and sometimes remarkably accurate, lack the transfemight be more advantageous to use the explicit MD ap-
ability and predictive power of first-principles methods. The proach.
latter, however, are subject to size and other limitations, and Because the two methods are so different, and cover dif-
uncertainties are difficult to estimate. For instance, even foferent temperature ranges, and because diffusion is an impor-
such a simple case as diffusion by jumps of Cu adatoms otant, difficult, and yet unresolved problem in most cases, it is
the CY100) surface, experiment andb initio calculations of the utmost interest to ascertain that they lead to equivalent
disagre€’; the origin of the discrepancy remains unclear.  results. This question has been addressed previously using

Because of various limitations, the technique used foMonte Carlo simulations with restricted dynamics on
computing diffusion rates also is important. The simplest opLennard-Jones metal$? but the results were not conclu-
tion consists of simulating diffusion explicitly using molecu- sive: the energy barriers were found to differ by as much as
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35% and the prefactors by a factor 6f1.8. Here we reex-
amine the problem in the case of Cu diffusion on(T10),

for which detailed MD simulations with EAM potentials
have recently been reportédEAM provides a rather accu-
rate description of the energetics of Cu. The Tl is performed
in full using MD, solving directly the TST equations. We
find the explicit MD and the TST/TI calculations to be in
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very close agreemeritr both the prefactor and the energy = 40 E_N E
barrier. The free-energy barrier, in addition, is found to de- £ 3.0 Fo o - g g _—___D E
pend linearly on temperature, confirming the validity of the S 20 3 2_;
Arrhenius law over a wide range of temperatures. Our results 1.0 & E
establish unambiguously the equivalence of the two meth- g 00 o O B
ods, thus providing a useful framework for the calculation of S oF (e) 3
diffusion constants. - S . . 3
In the TST, the rate of reaction from one equilibrium site 7 08 o "3
to another, via a saddle point, is given'by % o6 ® . o
o o L4 L L L d
k=K kyst, kysr=ve SWkeT, (1) 04 e 00 500 200
where « is the transmission coefficientor “recrossing Temperature (K)
rate”) andkrgr is the TST rate constanAW is the activa- FIG. 1. (a) Activation free energy vs temperature for jumps
tion free energy; the prefactor, the frequency at which the (squares, dashed linand exchangegircles, full line); the lines are
reaction is attempted, is given by linear fits to the finite-temperature pointé) Attempt-to-diffuse
2 1 frequencies vs temperature; the lines are the predictions of the
_ I(B_T J’ expl — [W(X) — W(x,) [/ kgT}dx simple model discussed in the teit) Transmission coefficients vs
“|2mm I m/ T8 ' temperature.

)
The integral in Eq.(2) runs between two transition sites a

distancel apart, say fronx,—L to X, via the equilibrium
site atx,,. W(x) is the “potential of mean force”:

reaction path, the system was first equilibrated for 48 ps,
then statistics accumulated for a further 120 ps. At the high-
est temperatures, the atoms lying close to that undergoing
diffusion were attached to their equilibrium positions with

X harmonic springs. Several values of the spring constant were
W(x)=J (F(N) Y =xrdX', (3 examined and the mean force obtained by extrapolating to
Xm zerol®

where(f(\)) is the mean force that must be applied in order ~ The transmission coefficient is given by

to constrain the particle at positianalong the reaction path;

evidently(f) is zero ifx=x;, or x=x,. W can be obtained k=(OX(+1) =Xp] = O[X(=) =Xp )5 r ) (4)
numerically by calculating the mean force at several points
along the diffusion path using constrained MD. wherer,;, is a time characteristic of atomic vibrations a@d

The TI calculations were carried out using MD and EAM is the Heaviside step functior. was obtained by averaging
potentials. As in Ref. 7, the surface was modeled by a slabver 100 different initial configurations, taken at 1.2 ps in-
consisting of eight layers, each containing 64 atoms, with théervals from a MD run with the adatom constrained at the
bottom two fixed in their equilibrium lattice positions; peri- saddle point. Each of these was run for 1.2 ps both backward
odic boundary conditions were applied in the two lateral di-and forward in time’
rections. We investigate here the four temperatures 100, 300, We plot in Fig. 1a) the activation free energieSW as a
500, and 800 K; this will permit a comparison with our ear- function of temperature for both mechanisms possible on this
lier MD calculations, which covered the range 650-850 K. surface, viz., jump and exchange; the stéfid) values are
Most calculations were done in tHéVT ensemble, using a also indicated. In both caseSW is very well represented by
Nosethermostat to control the temperatdrehowever, we a linear function of temperature, i.eAW=AE—TAS,
have also done some calculations in H€E ensemble to whereAE andAS are both effectively temperature indepen-
assess the effect of the thermostat. At each point along théent. The values oAE and AS are listed in Table | along

TABLE |. Comparison between Tl and MD results for the jufdpand exchangéX) diffusion activation
barriersAE (in eV) and rate prefactork (in THz); also given are the entropdS (in kg) and the static
energy barrierAE(0). Estimated errors are given in parenthesis.

AS AE AE AE(0) InT, InT,
(T1) (TI) (MD) (TI) (MD)
J 1.10.2) 0.51(0.02 0.490.01) 0.50 2.90.2 3.00.2

X 4.90.6) 0.740.02 0.7000.04 0.73 6.50.6) 6.1(0.7)
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with the corresponding values f&tE from the direct MD 0
simulations. For both diffusion processdbe Tl and MD [
barriers are in excellent agreement with the static barriers :

We note from Fig. (a) that, in spite of the fact that it has -20 |-
a larger activation barrier, exchange diffusion is more favor- [
able than jump diffusion above 800 K or so. This is a mani-
festation of the Meyer-Neldel ruft® the prefactor for ex-
changes is much largé20 times—cf. Table)lthan that for
jumps, thus compensating for the smaller activation term.
Compensation is so efficient that the process with a larger
barrier becomes dominant at sufficiently high temperature.
Thus, even at low temperature, where anharmonic effects are i 1
small, multiphononic contributions to the entropy cannot be s, N
ignored. 0 50 100

The attempt-to-diffuse frequencies for the two pro- 1/kgT (V)

gisse?’lsd:rziedil:Fi)ll’las)i/er?if:Zailgr.z%at-:—\?: tg?ﬁgrgidotﬁg?sgig{s ) FIG. 2. Diffusion rates vs inverse temperature; the lines are fits
P g p ato an Arrhenius law; estimated errors are smaller than the size of the

}'O“d.t;rm and_ thus, for all hpra_ct|cal puk;posis, the prefactogymbols in the main graph. The open symbols are for TST/TI and
or ditfusion via agivenmechanism can be taken as constantyg g symbols for direct MD calculations; the squares are for the

The (slow) variation of » with temperature can be under- jymps and the circles for exchanges. Insets: Comparison between

stood in terms of the following Séimple %nharmonic model:\p and TST/TI results in the temperature range relevant to the MD
Taking W(x) to be of the formax</2— gx°/3, with W(Xy,)  data for the two mechanisms, as indicated.

=0 and AW=W(x,) —W(x,,) (so thata=6AW/xZ and B
=6AW/x3) one easily finds from Eq(2) (neglecting the  barriers. The values of the prefactdts, which we return to
anharmonic term in the evaluation of the integthht, in the  pelow, are listed in Table I.
low-temperature limit,y(T)=voJAE—TAS/VAE with g There has been some concern that the thermostav/ih
=v(0). We sedrom Fig. 1(b) that the Tl data is very well simulations might lead to sizable errors in free-energy calcu-
fitted by this simple mode(indicated by linesup to 500 K; lations (see, e.g., Ref. 28 In order to test this, we have
as expected, this approximation is no longer valid at highetarried out some Tl calculations for both jump and exchange
temperature when the system becomes strongly anharmonigt 500 K, using bottNVT andNV E algorithms. Differences
The differences in the values for the two processes arise, towere found to be insignificant—at most 0.007 eV on free
a large extent, from “geometrical” differences: for the energies and 0.01 THz on attempt-to-diffuse frequencies—
above model we also haver2 = \/GAW/m%, wheremis  well within numerical uncertainties.
the mass of the diffusing entityr,, for jump andm¢,/2 for In the insets of Fig. 2, finally, we compare closely the Tl
exchange(motion of a dimer with respect to its center of results with the MD simulations. The former covers the
mas$; taking x, x=1.6 A for an exchangdroughly a/2, ~ range 0-800 K, while the latter is for 650-850 Khe TI
with a=3.61 A the lattice parameteandxy ;=1.3 Afora and MD calculations are found to be in complete agreement
jump[a/(242)], we find, indeedAWJ/xﬁijWx/xﬁ X for both diffusion mechanisms over the whole temperature
The transmission coefficient is the probability that a dif-range This establishes without ambiguity that the two dif-
fusion event actually takes place once the saddle point iferent computational schemes complement one another ex-
reached. For both mechanismsdepends relatively little on  actly. In addition, our canuIanons demonstrate that the range
temperature, as can be seen in Fig)1For jumps, the trans- of validity of the Arrhenius law can extend over a much
mission coefficient is about 0.9, and thus has little effect onvider range of temperatures than is normally assumed.
the diffusion prefactor. For exchangesjs close to 0.6, and Free-energy calculations of the barriers for jump diffusion
the effect is slightly more important. on Cu and Ag100) surfaces based on tih@rmonicapproxi-
The diffusion rate is the product of transition rate, trans-mation to TST have been reported recenfiythe calcula-
mission coefficient, and number of equivalent reaction pathsions used the same potentials as in the present study; yet, for
(The diffusion constantis obtained from the diffusiomate ~ Cu jumps on C(L00), a prefactor 10 times smaller than that
by multiplying by a geometrical factorFor both jumps and found here was obtained. Numerical error cannot be totally

exchanges, there are four equivalent paths and we thus hag&cluded as the cause for this discrepancy, but the consis-
[cf. Eq. ()] tency between our Tl and MD results strongly suggests that

this is not the case. Rather, it is more likely a problem with
[=4kve WkeT=T e AFksT ' =4xpe?Sks. (5)  methodology: The harmonic and quasiharmonic approxima-

tions, indeed, neglect theultiphononic contributionghat
The TI results forl" are presented in Fig. 2. The data areprofoundly affect the thermodynamic functions, especially
extremely well fitted by an Arrhenius law at all temperatures,prefactors, giving rise, as we have seen earlier, to such ef-
even as large as 800 K. The resulting valuesAdf are fects as the Meyer-Neldel latV.When the barrier is large, it
nearly identical to those determined earlier by fitting to theis necessary to combine many phonons in order for an event
free energies. The slight temperature dependence of the take place. This multiphonon state is a high-energy state,
attempt-to-diffuse frequencies and the transmission coeffiand therefore involves highly-anharmonic regions of the po-
cients has, as anticipated, no visible effect on the Arrheniugential surface. While this is of course true at tempera-
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tures, the effect is particulary striking at low temperature:from full thermodynamic integration and direct molecular-
because diffusion is a rare event, anharmonicities have eslynamics simulations. We find the two methods to be in
sentially no influence on the properties of the system as erfect agreemenover a wide range of temperatures. Our
whole (which then behaves harmonicalhybut nevertheless regyts clearly demonstrate that a simple representation of the
mustbe taken into account for a correct description of the it sion rate in terms of a static energy barrierhich de-
activated Process.. fines the activation terjrand a temperature-independent en-
It has been claimed by many authdisee for example .o (which defines the prefactoras they appear in the

Refs. 10, 20, and 21that the entropyAS and the energy g o transition state theory, accounts fully for the dynamics

barrier AE depend on temperature. Our results provide NQut iggjated adatoms. Furthermore, the present study clearly
evidence for this. The separation of the different terms in Eqyamonstrates the equivalence of the diffusion constants ob-

(1) is somewhat arbitrary and largely a matter of definition.,ined within TST/TI and from direct MD simulations.
The simplest expression fdr, viz. I'=T"yexp(—AE/kgT),
wherel', (and thusAS) as well asAE are effectively inde- We are grateful to BenbiRoux for useful advice and
pendent of temperaturés able to account very precisely for Arthur Yelon for critical comments on this manuscript. This
both the Tl and the MD data over the full range of tempera-work was supported by grants from the Natural Sciences and
tures considered. Indeed, the entropy term, after dividing b¥ngineering Research Coun¢NSERQ of Canada and the
kgT, merely renormalizes the prefacfaf. Eq. (5)]. “Fonds pour la formation de chercheurs et 'aidiaecher-

We have reported a detailed comparison of the rates foche” (FCAR) of the Province of Queec. One of u$G.B.) is
jump and exchange self-diffusion on @00 as obtained thankful to NSERC and FCAR for financial support.
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